Abstract. We extend Brill's positive mass theorem to a large class of asymptotically flat, maximal, U (1) 2 -invariant initial data sets on simply connected four dimensional manifolds Σ. Moreover, we extend the local mass angular momenta inequality result [1] for U (1) 2 invariant black holes to the case with nonzero stress energy tensor with positive matter density and energy-momentum current invariant under the above symmetries.
Introduction
In [2] Brill proved a positive energy theorem for a certain class of maximal, axisymmetric initial data sets on R 3 . Brill's theorem has been extended by Dain [3] and Gibbons and Holzegel [4] for a larger class of 3 dimensional initial data. Subsequently, Chrusćiel [5] generalized the result to any maximal initial data set on a simply connected manifold (with multiple asymptotically flat ends) admitting a U(1) action by isometries. Moreover, in [4] a positive energy theorem was proved for a restricted class of maximal, U (1) 2 -invariant, four-dimensional initial data sets on R 4 . The first purpose of this note is to generalize this latter result to a larger class of 4+1 initial data. In particular, our result extends the work of [4] in three main directions:
(1) We consider the general form of a U(1) 2 -invariant metric (i.e. we do not assume the initial data has an orthogonally transitive U(1) 2 isometry group) on asymptotically flat, simply connected, four-dimensional manifolds Σ admitting a torus action. ( 2) The orbit space B ∼ = Σ/U(1) 2 of Σ belongs to a larger class Ξ which is defined below in Definition 2.2. The boundary conditions on axis and fall-off conditions at spatial infinity are weaker than those considered in [4] . In particular they include the data corresponding to maximal spatial slices of the Myers-Perry black hole. ( 3) The manifold Σ may possess an additional end (either asymptotically flat or asymptotically cylindrical of the form R × S 3 ). Such Σ arise in the example of complete initial data for black hole spacetimes. The existence of non-trivial topology is also required for initial data to carry non-vanishing angular momenta. The results also hold for data satisfying (1) and (2) on R 4 .
The second main result of this work is to extend the local mass-angular momenta inequality proved in [1] to the non-vacuum case with positive energy density and vanishing energy current in directions tangent to the generators of the isometry group. This result naturally extends the result of [6] to the 4+1-dimensional setting.
Positivity of mass
An asymptotically flat maximal initial data set (Σ, h, K, µ, j) must satisfy the Einstein constraint equations (2.1)
where µ is the energy density, j is an energy-momentum current, and R h and |K| 2 h are respectively the Ricci scalar curvature and full contraction of K with respect to h. Σ is assumed to be a complete, oriented, simply connected asymptotically flat spin manifold with an additional asymptotic end. We now briefly review the discussion 1 in [7] . As proved in [8, 9] if the manifold-with boundary M is a spatial slice of the domain of outer communications of an asymptotically flat black hole spacetime admitting an U(1)
2 ) −B for some integer n where B is a four-manifold with closureB such that ∂B = H and H is a spatial cross section of the event horizon. We obtain a complete manifold Σ by doubling M across its boundary ∂M [7] . For example, complete initial data for the non-extreme Myers-Perry black hole has Σ ∼ = R × S 3 , which has two asymptotically flat ends. For extreme black hole initial data, a spatial slice of the domain of outer communications is already complete (the horizon is an infinite proper distance away from any point in the interior). Complete initial data for the extreme Myers-Perry black hole again has Σ ∼ = R × S 3 , although the geometry is now cylindrical at one end. Note that initial data for non-extreme and extreme black rings have different topology [7] .
We consider U(1) 2 = U(1) × U(1) invariant data with generators ξ (i) for i = 1, 2. Σ is therefore equipped with a U(1) 2 action and further
It proves useful to represent our space of functions on the two-dimensional orbit space B ≡ Σ/U(1)
2 . in general the action will have fixed points (i.e. on points where a linear combination of the ξ (i) vanish). A careful analysis [10] establishes that B is an analytic, simply connected manifold with boundaries and corners and can be described as follows. Define the Gram matrix λ ij = ξ (i) ·ξ (j) . On interior points of B the rank of λ ij is 2. The boundary is divided into segments. On each such segment the rank of λ ij is one and there is an integer-valued vector v i such that λ ij v j = 0 on each point of the segment (i.e. the Killing field v i ξ i vanishes on this segment). On corner points, where adjacent boundary segments meet, the rank of λ ij vanishes. Moreover, if
t and v s+1 are vectors associated with two adjacent boundary segments then we must have det(v s , v s+1 ) = ±1 [10] . Finally, we note that since Σ has two asymptotic ends, the two-dimensional orbit space is an open manifold with two ends. Note that at interior points, the orbit space is equipped with the quotient metric
The orbit space B is a simply connected, analytic two-manifold with (smooth) boundaries and corners, with two ends. By the Riemann mapping theorem, it can be analytically mapped to the upper half plane of C with a point removed on the real axis (if the point is removed anywhere else, then the region will not be simply connected). The boundary of B is mapped to the real axis with the above point removed by OsgoodCaratheodory theorem [11] , which we take to be the origin without loss of generality. We assume that (2.2) admits the global representation
where U = U(ρ, z), v = v(ρ, z) are smooth functions and ρ ∈ [0, ∞) and z ∈ R. The asymptotically flat end corresponds to ρ, z → ∞ and the point (ρ, z) = (0, 0) corresponds to the second asymptotic end. We will impose appropriate decay conditions on (U, v) below. The boundary is characterized by ρ = 0 in this representation. The boundary segments, where a particular linear combination of Killing fields vanish, are then described by the intervals I s = {(ρ, z)|ρ = 0, a s < z < a s+1 } where a 1 < a 2 < · · · < a n are referred to as 'rod points'. Asymptotic flatness requires that there are two semi-infinite rods I − = {(ρ, z)|ρ = 0, −∞ < z < a 1 } and I + = {(ρ, z)|ρ = 0, a n < z < ∞} corresponding to the two symmetry axes of the asymptotically flat region. Further details on the orbit space can be found in [7] . Now note det λ(0, z) = 0 on corner and boundary points and smoothness at fixed points requires det λ = ρ 2 + O(ρ 4 ) as ρ → 0. Furthermore since Σ is asymptotically flat, this implies det λ has to approach the corresponding value in Euclidean space outside a large ball (i.e. det λ ∼ r 4 as r → ∞ where r is a radial coordinate in R 4 ). Let φ i be coordinates with period 2π such that the
The four-manifold (Σ, h) may be considered as the total space of a U(1) 2 principal bundle over B, where we identify the fibre metric with λ ij . We use Greek indices α, β = 1, ..., 4 to label local coordinates on Σ. The simplest case is R 4 with its Euclidean metric which in our coordinate system has the representation (2.4)
Asymptotically flat metrics must approach δ 4 with appropriate fall-off conditions. In particular we have det λ → ρ 2 as ρ, z → ∞. This suggests we set λ ij = e 2v λ ′ ij where det λ ′ = ρ 2 and v satisfies appropriate decay conditions at the ends and boundary conditions on the axis. These decay conditions are most appropriately expressed in terms of new coordinates (r, x) defined by
where 0 ≤ r < ∞ and −1 ≤ x ≤ 1. The axis Γ now corresponds to two lines I + ≡ {(r, x)|x = 1} and I − ≡ {(r, x)|x = −1} . Note that if the space has a second asymptotic end, then the point r = 0 is removed. In this representation, the Euclidean metric on R 4 takes the form (2.6)
We consider initial data (Σ, h) which are a natural generalization of the well-known Brill data for three-dimensional initial data sets. Motivated by the above discussion, we define this class as follows: Definition 2.1 (Generalized Brill data). We say that an initial data set (Σ, h, K, µ, j) for the Einstein equations is a Generalized Brill (GB) initial data set with local metric
log 2 ρ 2 + z 2 if it satisfies the following conditions. (1) (Σ, h) is a simply connected Riemannian manifold and M end is diffeomorphic to
is an open ball with large radius R such that
(2) The second fundamental form satisfies
the data is maximal). (3)
The coordinate system (ρ, z, φ i ) forms a global coordinate system 3 on Σ where ρ ∈ R + ∪ {0}, z ∈ R, and φ i have period 2π. I The functions v, V, A i a , and λ ′ ij satisfy the following decay conditions, which are best expressed in terms of the (r, x) chart given by (2.6):
2 This condition is asymptotically flatness [12] for s ≥ 2 and when we write
It may be possible to prove this assumption is unnecessary (see [5] for the three-dimensional case) 
We remark that any sufficiently smooth, asymptotically flat metric on a simply connected 3-manifold with additional asymptotic ends obtained by removing points form R 3 and admitting a U(1) isometry can be written in the above form, with i = 1 [5] . It is natural to expect a similar result holds in the present case, up to some additional conditions. Note that the one-forms A i = A i a dx a may be considered as a local connection on the U (1) 2 bundle over B. The initial data sets defined above encompass a large class of possible data sets, which include in particular initial data for extreme and non-extreme black rings. It proves useful to restrict attention to a subclass of data, which includes initial data for the Myers-Perry black hole. Let a fixed GB data set have orbit space B with rod points a 1 , a 2 . . . a n . Via the transformation (2.6) these points map to I + and I − . We arrange these points in order of increasing r and denote by b s , for s = 1 . . . n ′ ≤ n, with
The I F is the asymptotically flat end and I E is another asymptotic end or just the origin of half plan (ρ, z). The ADM energy 4 and momenta for a generalized Brill data set (Σ, h, K, µ, j) are given by
where S 3 r refers to a three-sphere of coordinate radius r with volume element ds = r 3 4 dxdφ 1 dφ 2 in the Euclidean chart outside a large compact region and n is the unit normal. Then we have the following positive mass theorem. 4 We will refer to this as the 'mass' hereafter. (a) Orbit space as half plane
(b) Orbit space as infinite strip Figure 1 . The orbit space can be subdivided into subregions B s which are half-annuli in the (ρ, z) plane and rectangles in the (y, x) = (log r, x) plane. In this case n = 6. The dashed line I E can represent origin or in the case of black holes is another asymptotic end.
Moreover, we have m < ∞ if and only if we have
Finally, m = 0 if and only if h is the Euclidean metric and Σ = R 4 .
Proof. Consider the GB data (Σ, h, K, µ, j). We can write the metric in conformal form as
where Φ = e v . Then by the asymptotic decay properties of GB data at the asymptotically flat end we have
Then the integrand in the expression for the ADM mass (2.8) is 
2 -invariant symmetry of v and definition of I F = {(r, x) : r = ∞, −1 ≤ x ≤ 1}. Now we find the ADM mass of the conformal metrich.
Lemma 2.2. Consider a GB data (Σ, h, K, µ, j) with the rescaling (2.11). Then
First we write the conformal metric in the (r, x, φ 1 , φ 2 ) chart:
a . The mass of δ 4 is zero. By part 2 in Definition 2.1, the last quadratic terms in (2.19) does not contribute to the mass integral. Now we compute the mass of the terms B I , B II , and B III . By asymptotic behaviour of functions (part (3) of Definition 2.1) we have
(2.20)
We compute the ADM mass of each one of these terms :
• C I : This is a conformally flat metric and by (2.14) we obtain (2.21)
r→∞ Sr −3∂ r e 2V − 1 ds.
• C II : we consider C II as a metric (C II ) ab such that the only nonzero components are Then by definition of ADM mass (2.8) we obtain 
where in the second line we used part (3)-a of Definition 2.1. We consider the term B III (2.27)
We prove ADM mass of the D I and D II parts are zero and the argument for the other terms are similar. As in the argument used for C II and C III , we consider D I as the following metric Then the integrand appearing in the ADM mass expression is
Then the ADM mass is
Therefore, the ADM mass of the conformal metric is zero, that is mh = 0.
Returning to the mass of GB data we have
Then we define three one-form ω, χ 1 and χ 2 (2.32)
where
where ∆ 3 is Laplace operator respect to δ = dρ 2 + dz 2 + ρ 2 dφ 2 be metric on R 3 and ∆ 2 = ∂ 2 ρ + ∂ 2 z . Now by asymptotes of GB data set, we list the behaviour of χ 1 and χ 2 at boundary of the orbit space ∂B = Γ ∪ I F ∪ I E where Γ = I + ∪ I − .
v ,r dx, on I F (2.37) over the orbit space B we have
The first equality follows from Stokes theorem and the last equality follows from equation (2.31) and orientation of (r, x) chart. We next compute the scalar curvature ofh αβ . After a conformal rescaling we have
where ∇ is the derivative with respect to δ ab and Rh is Ricci scalar ofh. Now similar to the calculation in [13] we compute 5 the Ricci tensor ofh αβ :
Here D a and
2R
ab are the Levi-Civita connection and Ricci tensor with respect to q ab = e 2U δ ab . Then the scalar curvature is (2.45)
By equations (2.41) and (2.45) we have
where ∆ 2 U = ∆ 2 V by definition of U. Now we integrate equation (2.46) over B and use (2.40)
The inequality follows from H ij , R h ≥ 0. Now we use the argument of Section 5 of [7] to establish positivity of m over each annulus B s . Fix B s and without loss of generality we can select the following parameterization of the 3 independent functions contained in λ ′ ij and v: 
where for fixed s we have det(α j sk ) = det
= ±1 [10] . Recall that this relation must hold between two bases that generate the U(1)
± by Definition 2.1-(3d) we require:
Note that since λ ′ ij and v are continuous across the boundary of B s , this will impose boundary conditions on the parameterization functions in adjacent subregions. Then we have
The final inequality follows from [7, 14] (see also [4] ). The total ADM mass m is simply the sum of m s and is hence non-negative. To show this, one should expand the derivatives with respect to r and x and use an argument similar to that given in [4, 14] . The details are straightforward but tedious. Since W s = 0 on I ± , we have W s ≡ 0. Also by equations (2.49) and (2.54), we have ∇v = 0 and by Definition 2.1, v vanishes at infinity. This implies v ≡ 0. Note that 
where k = j and k, j = 1, 2. If we consider the last annulus B n ′ which extends to spatial infinity, i.e. 
where for fixed k, α
These conditions arise by expressing λ ′ ij in B n ′ −1 (2.55) in the fixed basis ξ (i) using the transformation (2.50). Since V n ′ −1 1 =constant in the above equation and right hand side is a function of x for some α l (n ′ −1)k , then we reach to a contradiction and this implies n ′ = 1. This is equivalent to Σ having the trivial orbit space, i.e. B Σ = B R 4 . Moreover, we obtain λ 
where γ i are new rotational angles with period 2π. Hence, h is flat metric and Σ = R 4 .
It is natural to expect this positivity result should extend to GB data that do not belong to Ξ. We will return to this point in the final section.
Mass-angular momenta inequality
In [1] a local version of a mass-angular momenta inequality for a class of asymptotically flat, maximal, U (1) 2 -invariant, vacuum black holes was shown. The U(1) 2 isometry group was assumed to act orthogonally transitively (i.e. there exist two-dimensional surfaces orthogonal to the surfaces of transitivity at every point). There is a question regarding the extension of our proof to the non-vacuum case and considering the general U (1) 2 -invariant metric equation (2.7). The main problem in the non-vacuum case is whether angular momenta are conserved quantities and twist potentials exist globally. The ADM angular momenta related to the Killing vector ξ (i) for the GB data set (Σ, h, K, µ, j) is (3.1)
This is a well-defined quantity and it is a conserved quantity in U(1) 2 -invariant vacuum spacetimes. With matter source we show under appropriate conditions it remains a conserved quantity. In the previous section we showed that the ADM mass has lower bound, the right hand of equation (2.48) . By the Hamiltonian constraint equation we have
if µ ≥ 0. In order to prove a local mass angular mometa inequality following the argument of [1] we need to first show the global existence of the potentials
where ⋆ is the Hodge star operator with respect to h. Proof. Let N ⊂ Σ and S 1 , S 2 are two 3 dimensional surfaces with isometry subgroup
Thus the angular momenta are conserved quantities. For the second part, let
then by the Killing property of ξ (i) and constraint equation we have ⋆d⋆S
Therefore, since Σ is simply connected the potentials Y (i) globally exist. Note that the above result can be extended to D-dimensional initial data with U(1)
commuting Killing vectors [14] .
Recall that t − φ i symmetric data consists of the subclass of GB initial data with the property that h αβ → h αβ and K αβ → −K αβ under the diffeomorphism φ i → −φ i [15] . It can be shown that for vacuum (µ = j = 0) t − φ i -symmetric data, the metric takes the form (2.7) with A i a = 0 and the extrinsic curvature is determined fully from the twist potentials Y i [7] . Thus this data is characterized by five scalar functions, or equivalently, the triple u = (v, λ ′ , Y ), where v is a function, λ ′ is a positive definite symmetric 2 × 2 matrix, and Y is a column vector [7] . Explicitly, for vacuum t − φ i symmetric data, we can express the extrinsic curvature as (3.6)
t is a column vector and S = (S 1 , S 2 ) t is a column vector with components S i defined by (3.3) [14] . This motivates the following definition.
Definition 3.1. Let (Σ, h, K, µ, j) be a GB initial data set with µ ≥ 0 and ι ξ (i) j = 0. We define the associated reduced data to be the vacuum t − φ i -symmetric data characterized by the triple u = (v, λ ′ , Y ) where (v, λ ′ ) is extracted from the original data and Y is defined in (3.3) .
The ADM mass of a given GB data set is bounded below by the ADM mass of its associated reduced data. This can be shown as follows. Let introduce the co-frame of one forms {θ α } (3.7)
so that the metric can be expressed as
with associated dual frame of basis vectors where ǫ ab is the volume form on the flat two-dimensional metric. Noting K bi = K(e b , e i ) = K(θ b , e i ) we read off (3.11)
Noting that in this basis, This definition was motivated by studying the geometry of the initial data for the extreme Myers-Perry and black ring solutions. In has been established that such geometries are local minimizers of the mass amongst suitably nearby data with the same orbit space [1] . We can now state our second result: Theorem 3.3. Let (Σ, h, K, µ, j) be a GB initial data set with mass m and fixed angular momenta J (1) and J (2) and fixed orbit space B ∈ Ξ satisfying µ ≥ 0 and ι ξ (i) j = 0. Let u = (v, λ ′ , Y ) describe the associated reduced data as in Definition 3.1 and write u = u 0 +ū where u 0 is extreme data with the same angular momenta and orbit space of the GB initial data set. Ifū ∈ B is sufficiently small then for some f which depends on the orbit space B. Moreover, m = f (J (1) , J (2) ) for GB initial data set in a neighbourhood if and only if the data are extreme data and µ = j = 0.
|K|
Proof. First, consider the GB data with µ ≥ 0 and ι ξ (i) j = 0. Then by Lemma 3.1, there exist global potentials Y i such that |K| h satisfies in inequality (3.12) and it yields m ≥ M(u), where u is the associated reduced data. Second, since u = u 0 +ū, then all the assumptions of Theorem 1.1 of [1] hold and it follows that there exists ǫ > 0 such that if ū B < ǫ, then m ≥ M(u 0 ). Finally, by [1] it follows the inequality is saturated if and only if the data is extreme data.
